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Abstract. A piecewise smooth domain is said to have generic corners if the corners are generic CR 
manifolds. It is shown that a biholomorphic mapping from a piecewise smooth pseudoconvex domain with 
(J^ ' generic corners in complex Euclidean space that satisfies Condition R to another domain extends as a 

_ smooth diffeomorphism of the respective closures if and only if the target domain is also piecewise smooth 

with generic corners and satisfies Condition R. Further it is shown that a proper map from a domain with 
generic corners satisfying Condition R to a product domain of the same dimension extends continuously 
to the closure of the source domain in such a way that the extension is smooth on the smooth part of the 
boundary. In particular, the existence of such a proper mapping forces the smooth part of the boundary 
of the source to be Levi degenerate. 



1. Introduction 

The question of continuous or smooth extension to the boundary of holomorphic maps is of central impor- 
tance in complex analysis. One significance of such extension lies in the fact that it reduces the difficult 
problem of classification of domains in C", n > 2 up to biholomorphism, or the more general problem of de- 
ciding the existence of a proper map between two given domains, to the problem of study of CR invariants 
of the boundary hypersurfaces. After the fundamental result in this direction of Fefferman f[20j) giving 
smooth extension up to the boundary of a biholomorphic map between strictly pseudoconvex domains, 
there were obtained far reaching generalizations to proper maps between smoothly bounded pseudoconvex 
domains (e.g., [H] [6] [3 G3 Ell [IB]-) In these investigations, the hypothesis on the source domain D of the 
proper map is that it satisfies Condition R: the Bergman projection, the orthogonal projection from the 
Hilbert space L 2 (D) of square integrable functions to the closed subspace H(D) of holomorphic square 
integrable functions, maps a function smooth up to the boundary to a holomorphic function smooth up to 
the boundary. 

In this note we consider a class of piecewise smooth domains to which the techniques of Bell-Catlin- 
Diederich-Fornaess-Ligocka et al. mentioned above extend in a natural way. By definition, a piecewise 
smooth domain is an intersection of finitely many smoothly bounded domains in which all possible boundary 
intersections are transverse. The class of domains we will be considering are the domains with generic 
corners defined below. Such domains have been considered by various authors (see [31 1211 I3T] .) In [31] , 
Webster considered holomorphic mappings defined on domains with real analytic generic corners, and a 
reflection principle for such corners was developed. These ideas were subsequently developed by Forstneric 
(see [21].) A crucial estimate of Bell for holomorphic functions on smooth domains was generalized by 
Barrett to this class of domains (see [3], and Lemma [2J] below.) In a previous article ([15]) we considered 
the extension of proper mappings of equidimensional products of smoothly bounded domains. These 
products are examples of domains with generic corners, and here we generalize some of the results of |15] 
to the wider class. We now formally define these domains: 

Definition 1.1. Let SI be a bounded domain in C™ that may be written as an intersection Dj=i °f 
smooth domains such that 
(i) all intersections of the boundaries bQj are transverse. 



Kaushal Verma was supported in part by the DST Swarnajayanti fellowship 2009-2010 and the UGC-CAS Grant. 

1 



2 



DEBRAJ CHAKRABARTI AND KAUSHAL VERMA 



(ii) for each subset S C {1, . . . , N} the intersection B$ = Hjes if non-empty, is a CR manifold of 
CR-dimension n — \S\. 
We call such a domain a domain with generic corners. 

Our first result is the following: 

Theorem 1.2. Suppose that D c C" is a pseudoconvex domain with generic corners which satisfies 
Condition R. If G C C n is a domain and f : D —¥ G is a biholomorphic map, then the following are 
equivalent: 

(1) f extends as a C°° -smooth diffeomorphism from D to G. 

(2) G is a domain with generic corners and satisfies Condition R. 

Therefore the property of a domain that it satisfies Condition R and has generic corners is invariant under 
holomorphic maps smooth up to the boundary. As a result, the classification of domains in this class is 
reduced to the study of the boundaries. In Section [3] we consider some examples of domains satisfying the 
hypotheses of Theorem II .21 These are also the hypotheses on the source domain D in Theorem 1 1.31 below. 
In a future work, we will consider further examples of this class of domains. 

For a domain ft with generic corners, let bil sns C bfl consist of all those points that lie on the intersection 
of two or more boundaries bVlj and set Ml rcg = 6f2 \ M7 sng . 

Theorem 1.3. Let D C C™ be a pseudoconvex domain with generic corners and G — G\ x G2 x . . . x G^ C 
C™ a product domain where each Gj C C Mj is smoothly bounded and fi% + /i2 + • • • + /Zfc = n. Assume that 
D satisfies Condition R and let f : D — > G be a proper holomorphic mapping. Then f admits a continuous 
extension to D in such a way that the extension is C°° smooth on bD IQg . 

It is possible to prove continuous extension of holomorphic maps between piecewise smooth domains under 
hypotheses different from those used in Theorems 11.21 and 11.31 Piecewise smooth pseudoconvex domains 
that admit plurisubharmonic peak points on their boundaries were considered by Berteloot ([12]) and 
Holder continuity at the boundary for proper holomorphic mappings between such domains was established. 
A similar result that relied on estimates for the Caratheodory metric on strictly pseudoconvex piecewise 
smooth domains was proved by Range (|27j). 

From Theorem 1 1.31 we can draw the following corollary: 

Corollary 1.4. Let D,G be as in Theorem 1.3. Then bD rcg is Levi degenerate, i.e., its Levi form has at 
least one zero eigenvalue at each point ofbD 1CE . 

In fact, if [i — mini<j<ft fij denotes the minimal dimension of a factor Gj of G, then we can show that 
the Levi form of bD lcs has at least n — fx zero eigenvalues at each point. Further, it can be shown that 
there is a point in bD lcs where the Levi form has at least /z — 1 positive eigenvalues (this condition is 
vacuous if fi is 1.) Corollary 11.41 can be thought of about a statement about the non-existence of proper 
holomorphic maps between two classes of domains, i.e., a domain with generic corners satisfying Condition 
R (for example a complete circular domain with generic corners with certain geometric conditions, see 
Proposition 13.21 below) does not admit a proper holomorphic map to a product domain if there is a Levi 
non-degenerate point in the smooth part its boundary. There are several results in the literature in this 
direction, but those that deal specifically with piecewise smooth domains (for example [29]) can be traced 
back to the results of Henkin and Pinchuk ( 23, 261). 

One interesting question that Theorem 11.31 leaves unresolved is whether we can conclude from the 
hypotheses if the source D itself has a product structure, i.e., if there is a biholomorphic map F : D — » F(D) 
onto a product domain F(D) C C™, where F extends to a diffeomorphism from D to F(D). It would be 
interesting to know if this indeed is the case. 

Acknowledgements: We thank Prof. David Barrett for drawing attention to the class of domains with 
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Prof. Steven Bell for his helpful comments. Indeed much of this article is based on the ideas of Professors 
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2. Bell Operator 

Let be a domain with generic corners in C n and let N and VLj have the same meaning as in Definition ll.il 
Suppose that Tj (where j = 1, . . . , N) is a defining function of the domain i.e., Tj is a smooth function 
on C" such that Qj = {rj < 0} and drj is nonzero at each point of bilj. Then the conditions (i) and (ii) 
in Definition 11.11 may be rephrased as follows: for each point p such that 



r n (p) = r h (?) = ■■■= Tj k (p) = 

we have 

dr h (p) A dr j2 (p) A • • • A dr 3k (p) ^ 

and also 

dr h (p) A 8r j2 (p) A • • • A flr A (p) ? 0. (2.1) 

Lemma 2.1 (cf. Barrett [TJ [3] ) . Let s — (si, . . . ,sn) be a tuple of non- negative integers. There is a linear 
differential operator $ s with smooth coefficients defined on £1 such that for all f £ C°°(0) } 
(i) F$ s / = Pf and 

(ii) \<$> s f(z)\ < C||/|| cM d(z) s , wAere \s\ = Y* =l 8j and 

d{z) s = di(z) Sl ...d N {z) SN , 
where dj{z) is the distance from the point z to bttj. 

Proof. Thanks to (|2.1I) . near each p e C" we can find N vector fields t[ p \ . . . , Tff 1 of type (0,1) such that 
Tj P \k = djk in a neighborhood of p when rj(p) — r^(p) — 0. By a partition of unity argument, we obtain 
vector fields Tj , j = 1, . . . N on C™ of type (0, 1) such that Tjrk = Sjk on a neighborhood Ujk of 60^ n feri/t- 
(Note that if j = k, this means that Tjrj = 1 near bilj.) 

For a subset 5 C {1, . . . , N}, let 

u s = n c/, fc \u 6 ^- 

Then the family {C/s}, as S runs over all possible subsets of {1, 2, ... , N} including the empty set, is an 
open cover of C n . Let {xs} be a partition of unity subordinate to this cover. Let 



</,<?} - / fgdv 

Jn 



denote the standard inner product on L 2 (il), where dV denotes Lebesgue measure on C™. Let T* denote 
the formal adjoint of the operator Tj with respect to this inner product structure. Integration by parts 
shows that T* = —(Tj + divTj), and is therefore also a first order operator with smooth coefficients. For 
/ G C°°(f2), we define the operator $ s by 



* s /= Y, NT TTW >\(xsf). 




Then $ s is a linear differential operator of order \s\. 

Note that for each S C {1, . . . ,N}, the smooth function xs vanishes to infinite order along the set 
{J e ^ s bQi, and therefore, for any multi-index a — (ai, . . . , a2n), if D a is the partial derivative operator 
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and a.,- is a nonnegative integer for each j £ S, we have an elementary estimate 

\D a xs (z)\<c a , a Y[{d 3 (z)r , 

where C CTiCe is a constant independent of z. Therefore we have 



H(T*y* (xsf(z)) 
jes 



< cs ii/ii C m n ( d ^)r ■ 



Since rj is comparable to dj for each j, we have that 

\<t> s f(z)\ < c n/ii CM ( n • n 

sc{i,...,iv} yes e?s 
which proves part (ii) of the Lemma. 

To prove part (i), it suffices to show that for h £ L 2 (f2) and / £ C°°(Q) we have 

(h,P$ s f) = (h,Pf). 

Since P is the (self-adjoint) orthogonal projection from L 2 (f2) onto H(fl) = 0(£l)PiL 2 (n) 7 this is equivalent 
to 



<<?,$ s /) = (.9,/>, 



where g £ H(Cl). Now we have, 



(9,* s f)= E U[U6}[ll( T D Sj }(Xsf) 

sc{i,-,N} \ yes 



Si , . 

J ' yes 



- e (n?i* )<x8f) 



SC{1,-,N} \j£S 



vies 



(2.2) 
(2.3) 



For e > 0, let (, )q € denote the standard L 2 -inncr product on the domain 

Q e = {z£C n : rj(z) < -e, 1 < j < N}. 

Fix S C {1, . . . , N}, and first suppose that S ^ 0. Denote by j the smallest clement of S. Then we have, 
integrating by parts: 



\jes Sj '' yes 



^o(n^ > to-- 1 - n ( T iY s )(xsf) 



E/ ( n A* I • I w -1 ■ n (^i^) 

jes\{j } 



fe=i Jm l Vfes 



\dr k \ 
(2.4) 



where = {r^ = — e}. In the boundary term, only the summand corresponding to k = jo is non- 
zero, since by construction, Tj r k = 5kj in Us- Using the Cauchy-Schwartz inequality, and the fact that 
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/ £ C°°(J7), the square of the absolute- value of the boundary term may be estimated as 



2 



Jm h Vies s rj 

<C'e 2 [ \g\ 2 dS, 
Jbm 



with C and C independent of e. Since g s L 2 {Q), we can find a sequence 6^—7-0 such that J bQ H \g\ 2 dS 

30 

o(e~ 1 ). Taking a limit as e< — > in ()2.4|) we have 



n,- 



ies J / \ jes\{j } 

=(?^r)T- n ^(W " 1 - n (»/)), 

\ (Sj0 j ' ies\{io} Sj - V ies\{io} / / 

where in the last line we have used the facts that Tj g — 0, and Tj rj = 5jj . Repeating the above process 
So — 1 times more, we conclude that the above expression is equal to 

( II r irM II wAtef)), 

\jes\{j } J ' \jes\{j } j I 

and applying the same process to the smallest element of S \ {jo} and continuing till we are left with the 
empty set of indices, we conclude that 



U^9,['[l(T;)«)(xsf)) = (g,xsf) 



\ies Sj - \ 3 es 



We note that the term corresponding to S = in (|2.2p is simply (g,X$f)i an d therefore we can rewrite 
(HP) as: 

( 5 ,$7)= E (9,Xsf) 

SC{1,...,JV} 

= (*( E 

\ \Sc{l,...,iV} / / 

= (3,/), 

since {xs} is a partition of unity. This proves the result. □ 

Let Kq denote the Bergman kernel of a domain 57. If P : L 2 (57) — > C L 2 (f2) denotes the Bergman 

projection on 57, Kfi is characterized by the property that for each / £ L 2 (57) we have 

Pf(w)= f K n (w,z)f(z)dV(z), 
Jn 



(i 
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where dV is Lebesgue measure. It is well-known that Kq(w, z) is holomorphic in w, antiholomorphic 
in z and satisfies the Hermitian symmetry K^{w,z) — Kq(z,w). Lemma 12.11 leads to the following 
characterization of Condition R on a domain with generic corners. 

Proposition 2.2 (cf. [El [T]). A domain Q with generic corners satisfies Condition R if and only if for 
each multi-index a, there are constants C and m depending only on the domain O such that 



dw 



-K n (w,z) 



< Cdist0,6O)" 



(2.5) 



for all (w, z) S fl x Q. 



Proof. The methods of proof given in [5J [T] may be applied with appropriate minor modification. The 
crucial point here is the existence of the operator $ s . □ 



3. Some examples 

We now consider examples of domains D in C" for which the hypotheses of Theorem 11.21 hold, i.e., D 
has generic corners, is pseudoconvex and satisfies Condition R. Note that if D satisfies the hypotheses of 
Theorem 11.21 it follows from Theorem 11.21 that so does F(D), where F : D — > F(D) is a biholomorphic 
map extending smoothly to D. If n = 1, the only domains with generic corners are the smoothly bounded 
ones. For n > 2, there do exist domains with generic corners in C™. However, many interesting piecewise 
smooth domains do not have generic corners, e.g., the intersection of two balls in C 2 (see [4].) 

For smoothly bounded domains, Condition R is a consequence of global regularity estimates on the 
9-Neumann operator (see [16l [28] for details.) Indeed it suffices to know that the 9-Neumann operator is 
compact on the space L\ i(D) of square integrable (0, l)-forms. However, as [19. already shows, this strategy 
is unlikely to succeed with general piecewise smooth domains. The question of establishing Condition R 
on such domains therefore merits deeper study. However there are a few cases where Condition R can be 
established on a domain with generic corners by elementary means. 

3.1. Products. We first show that the hypotheses of Theorem 11.21 propagate to products: 

Proposition 3.1. For j — l,...,k, let Dj (e C ,lj be a domain with generic corners which satisfies 
Condition R. Let n = Ylj=i n v an d ^ ^ be the domain in C™ given as D = Di x D 2 x • • • x D/,. Then 
D has generic corners and satisfies Condition R. 

In [T3J[T2], the following was proved: if D\ C C ,ll ,-D2 C C™ 2 are bounded pseudoconvex domains (no 
assumption of generic corners on the boundary) such that each of them satisfies Condition R, then so does 
their product. Here on the other hand there is no assumption of pseudoconvexity. 

Note also that combining this proposition and Theorem 11.21 we recapture the famous observation of 
Poincare: the ball and bidisc in C 2 are not biholomorphically equivalent. 

Proof. By an induction argument, it is sufficient to prove this for fc = 2. Assume that as in Definition 11.11 
we are given representations D 1 — Hj—i @j anc ^ -^2 = C\Y=i ^h- We then have 

D 1 x.D 2 = {D 2 xC" ! )n (C™ 1 x D a ) 

which is a representation of D\ x D 2 as an intersection of smoothly bounded domains. Since D\, D 2 have 
generic corners, it is easy to verify that the corners of the product are CR manifolds of the right CR 
dimension. 
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Denote by Kj the Bergman kernel of Dj. The derivatives of Kj satisfy the estimate (I2.5[) . since Dj 
satisfies Condition R. Thanks to [531 Theorem 6.1.11] the Bergman Kernel K of the product D\ x D 2 can 
be represented K\ ® K 2 , i.e., for z = (z\, z 2 ) G D\ X D 2 and u> = (iui, -u^) G Di x D 2 , we have 



Then it follows that the derivatives of K satisfy the estimate (|2.5[) , and it follows that I? satisfies Condition 



3.2. Domains with circular symmetry. Recall that a domain D C C™ is said to be circular if it is 
invariant under the natural action of the circle group, i.e., if for each z G D and each real number 9, we 
have that e l6 ' z G 13. Clearly, the boundary bD of D has the same circular symmetry. Further, if D has 
piecewise smooth boundary, it is clear that every stratum is invariant under the circle group. Further, we 
call a domain complete circular if for each z G D, and for each complex number A in the closed unit disc 
(i.e. if |A| < 1), we have Xz G D. 

For a piecewise smooth domain D, by a face we mean a connected component of bD TCg . If D is represented 
as the intersection r\^ =1 Dj, where each Dj is smoothly bounded and all intersections of the boundaries are 
transverse, then it is clear that each face is a connected component of bDj n D for some j. The following 
result, extending a classical argument of Boas and Bell, gives simple examples of domains with generic 
corners satisfying Condition R: 

Proposition 3.2 (cf. [SJ Theorem 2']). Let D C C" be a bounded complete circular domain with generic 
corners such that for each £ G bD, the radial line from the origin to £ meets each face of bD that passes 
through £ transversely. Then D satisfies Condition R. 

We begin by noting a symmetry property of the Bergman kernel of a circular domain: 

Lemma 3.3. Let K denote the Bergman kernel of a circular domain D, where 6 5. Then if X be a 
complex number and z,w G D be such that the points Xw, Xz are in D, then we have 

K(Xw, z) = K(w, Xz). 

Proof. We claim that there is an orthonormal basis {nj}^L 1 of the Bergman space T-L(D) whose elements 
are homogeneous polynomials. Indeed, it is well-known that any holomorphic function on the circular 
domain D can be expanded in a series of the form f{z) = J^, 1 Pfe(z), where each is a homogenous 
polynomial and the series converges uniformly on compact subsets of D (see e.g. [25].) Choosing a basis of 
the space of homogeneous polynomials of degree d, and taking the union as d ranges over the non-negative 
integers, we obtain a family of homogeneous polynomials whose span is dense in L 2 (S7). Further, if P and 
Q are homogeneous polynomials of degrees p and q respectively, they are orthogonal in L 2 (D) if p ^ q. 
Indeed, if 9 is a real number such that e l ^ p ~ q ^ e ^ 1, we have using the change of variables formula and the 
fact that the unitary transformation z e lS z has real Jacobian determinant identically equal to 1, 



J D 

Consequently, if the Gram-Schmidt process is applied to the spanning family of homogeneous polyno- 
mials yields the orthonormal sequence {rjj}. Then the Bergman kernel is represented as K(w,z) = 



K(w,z) = ifi(wi,zi) ■ K 2 (w2,z 2 ). 



R. 



□ 




J2*jLi r lj{ w ) r li{ z )- Recalling that each i]j is homogenous of some degree, the result follows. 

We also note the two useful properties of the Bergman kernel: the Cauchy-Schwarz inequality 



□ 



\K(w, z)\ < (K(w, w)K(z, z))* , 



(3.1) 



and the fact that on any bounded domain D 



K(z,z) < (const)d(z) 



-n-l 



(3.2) 
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obtained by comparing the Bergman kernel of D with that of a ball centered at z and radius d(z). 
From now on, let D be complete circular. Then for a point w G D, we can define the radial boundary 
distance p(w) in the following way. Let w* be the unique point on the boundary bD which is collinear 
with and w. We define p(w) = \w* — w\. We also denote d(w) = dist(u;, bD), and call this the standard 
boundary distance. We will be interested in domains in which there is a constant C > 1 such that 

p(w) < Cd{w). (3.3) 

Since we always have d(w) < p{w) we will say that on such domains the radial and standard boundary 
distances are comparable. We first note that this property holds on the domains considered in Proposi- 
tion [ 



Lemma 3.4. Let D be a piecewise smooth complete circular domain such that for each £ G bD, the radial 
line from to £ meets each face of bD which passes through £ transver sally. Then the standard and the 
radial distance are comparable on D. 

Proof. Let bD be smooth, and fix a tubular neighborhood U of bD in D. For a point z in U denote by z 
the unique point on bD closest to z, and by z* the point where the radial line from to z meets bD. From 
the transversality of the line zz* to bD, it follows that the angle between zz* and zz is bounded away from 
J, and the result follows in this case. 

Assuming now that there are at least two faces, it is sufficient to prove (|3.3p for z in some neighborhood 
U of bD in D. Let U be the union of Uj, where each Uj is a tubular neighborhood of bDj, where the 
domain D is represented as an intersection Hj=i Dj. Let pj(z) represent the radial distance from z to the 
boundary bDj, and dj(z) = dist(z, bDj). Then if z £ Uj, we have Pj(z) < Cdj(z), where C may be taken 
independent of j. But p(z) < pj(z) < Cdj(z) for each z in Uj. If a point z in U belongs to more than one 
Uj, it follows that we must have p(z) < Crmndj(z) = Cd(z) where the minimum is taken over all j such 
that the point z belongs to Uj. The result is proved. 

□ 



The proof is now completed by the following lemma, and an appeal to Proposition 12.21 

Lemma 3.5. Let D be a bounded complete circular domain in C™ . If the standard and radial boundary 
distances on D are comparable (i.e., (|3.3p holds), then D satisfies the estimate ()2.5|) . 

Proof. Without loss of generality we can assume that the diameter of D is less than or equal to one, since 
(|2.5|) holds on a domain if and only if it holds on any dilation. We proceed as in [8] . We fix once for all 
z G D. We consider two cases. First assume that w G D is such that \w\ > ^d(0). 

We choose a number 8 > in the following way. Note that the function x M- is strictly increasing 
on [0, 1). Therefore, there is S > so small that for < 6 < 5q we have 

26 1 , 



1-25 2 

We now let 

r • fd(0) 

6 = mm I — — ,d 

where 5q is as chosen above. Let A = ( 1 — •M- ) . For future use we note that 



p(\z)=p(z)-(\-l)\z\ 



>p{z) 



25 



1 - 25 



> \p(z), (3.4) 
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where the last line follows from the choice of 6. Using Lemma [5751 we see that 

-K(w, z) = - — K (A~V Xz) 
01 y ' dw a v ' 



dw 



ga ga 

-26- — K (t, Xz) ■ - — 

dt a K ' dw a 



(3.5) 



where t = ^1 — ^j^J w, and therefore we have that p(t) > 26. 

Noting that we are considering such wG-Das \w\ > we sec that 
G denote a constant independent of w, which may have different values at different occurrences, we see 
from (1331) that 



dw '■ 



(r) 



is bounded. Letting 



ga 

— — K (w, z) 

dw a y ' 



< C 



d° 



—K(t,Xz) . 
g t a v » ) 

Thanks to the comparability of the standard and radial distances to the boundary, we see that there is a 
polydisc of polyradius C(<5, 6, . . . , 6) with center at t = (l — w and located within {£ G D : p(() > 6}. 
Applying the Cauchy estimates to this polydisc we conclude from the above estimate that 



ga 



dw a 



K(w, z) 



< 



C 
C 



■ sup \K(t,Xz) 

p(t)>S 



< sup y/K(t,t)y/K (Xz,Xz) 



p(t)>S 



-6M 6 
C +1 

< Ti— Pi z )~~ 
- 5\a\ ry ' 



using (|3.ip 

using p72]l 
using (|3~il) 



< 



C 



d(zy a \+ n + 1 ' 

using the comparability of d(z) and p(z) and the definition of 6. 

We now consider a w E D such that \w\<^§1. Then there is an r\ independent of w such that p(w) > r\. 
By the comparability of p and d, we conclude that there is an e > such that the polydisc centered at 
w and of radius e is contained in the set {( G D: d(() > e}. (Note that e depends only on d(0) and the 
constant C in (|3.3p .) Applying the Cauchy estimates to this polydisc we see that 



dw 



< 



c_ 



sup |2if(iu, 2)| 

d(w)>e 



< Cy K (z, z) sup \K(w,w)\ 

d(w)>e 



(n+i) 
2 e 2 



< Cd(z) 

therefore the estimate (|2.5|) is established and the result is proved 



□ 



4. Hopf Lemma on domains with generic corners 



Let D C C n be a smoothly bounded domain and <p : D — > [—00, 0) a plurisubharmonic exhaustion function. 
The Hopf lemma asserts that \<f>(z)\ decays to zero near the boundary bD at least at the rate of dist(z, bD), 
i.e., 

\<t>(z)\ > dist(z, bD) (4.1) 
for all z G D. For a given proper holomorphic mapping / : D — > G, this estimate plays a useful role 
in controlling the ratio dist(/(z), 6G)/dist(.z, bD) n for some 77 > 0. Thus we are interested in obtaining 
(3.1) on non-smooth domains as well. For piecewise smooth domains, this was done in [12| , I27 | by showing 
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that each point sufficiently close to the boundary lies in a cone of uniform aperture with vertex on the 
boundary. In other words, a planar sector of uniform aperture containing a given point near the boundary 
was shown to exist. On a product domain G, it is evident that a sector whose aperture angle is n/2, i.e., 
a quadrant, can be fitted at each boundary point. Therefore the techniques of |12j show that a negative 
plurisubharmonic exhaustion on a product domain satisfies 

\<j>(z)\ > dist(z,6G) 2 

for all z G G. A different approach was used in [15] for product domains wherein a disc that satisfies 
certain uniform geometric properties was used instead of a sector. Similar ideas can be applied to domains 
with generic corners as well which yield a better growth estimate. 

Proposition 4.1. Let Q C C™ be a domain with generic corners . Let cf> : Q — > [— oo,0) be a plurisubhar- 
monic exhaustion. Then 

\<f>(z)\ > dist(z,6£>) 

for all z G fl. 

We first recall some geometric conditions on an analytic disc from [15] that are sufficient to prove (3.1). 
Let D C C" be a bounded domain and take a tubular neighborhood U of bD. The domain U fl D whose 
boundary consists of two disjoint components, namely bD and B = bU fl D will be relevant to us. Suppose 
that there is a constant 9 = 9(D) E (0, 2ir) and points k(z) E B, £(z) 6 bD (both possibly non-unique) for 
every z G U fl D such that the following hold: 

(i) The points C( z )i z i K ( z ) are collinear and z lies between £(z) and k(z). 

(ii) ((z) is the nearest point to z on bD which means that |C(^) — A — dist(z, bD). 

(iii) The affine analytic disc a z : A(0, 1) — > C™ given by 

a z (X) = k{z) + A(C(z) - k(z)) 

lies in D. 

(iv) There exists a neighborhood of <90 in C™, say V which is compactly contained in U such that the 
portion of the boundary of a z (A(0, 1)), i.e., a^(6A(0, 1)) that lies in D \ V subtends an angle of 
at least 9 = 9(D) > at the centre n(z). Note that a z (0) — k(z) and a z (l) — ((z). 

In short, these properties allow the existence of an analytic disc passing through a given point p near bD 
and also containing p* , a nearest point to p on bD, whose centre is at a uniform distance away from bD 
and such that a uniform piece of its boundary is also uniformly away from bD. We say that it is possible 
to roll an analytic disc in D if these properties hold. Theorem 4.4 in |15) shows that the Hopf lemma holds 
on a domain if it is possible to roll an analytic disc in it. 

Proof. It suffices to show that it is possible to roll an analytic disc in a domain f2 with generic corners as 
in Definition 1.1. Fix a point p G bfl and let S C {1, 2, . . . , N} be such that 

p g b s = p| 

Without loss of generality we may assume that S = {1,2, ... ,k} where k < N. Then 

r\(p) = r 2 (p) = ... = r k (p) = 

and (2.1) holds. Thanks to this transversality condition, we may choose coordinates in a neighborhood U 
around p — so that the defining functions become 

r j ( z ) = 2 Re Zj + <pj ( z ) 

where (f>j G C°°(Z7) and d(f)j(0) = for all 1 < j < k. The smoothness of each rj implies that for a given 
point z G U there is a unique point z* on {rj = 0} = bttj fl U such that 

Tj = dist(z, bClj n U) = \z - z*\ 
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for all 1 < j < k. The analytic disc 

C^ z + C Tj (d rj (z*)) 

for |C| < 1 is centered at z and is contained in {rj < 0} = flj D U. Thus through a given point z G O fl U 
there are k analytic discs which approximately point in the direction of the coordinate axes z\, Z2, ■ ■ ■ , Zk- 
This observation will allow us to choose the right direction for the disc a z (X) as in (iii) above. Let C > 
be such that 

C" 1 !^)! < dist(>,Mlj n U) < C\r 3 (z)\ (4.2) 

for all z G O fl U and 1 < j < k. Furthermore, since d<f)j(0) = we may also assume that \d(pj(z)\ < 1/2C 
for all z G fl n U. For e > let 

n e = {z G U : r 3 {z) < -e, 1 < j < k}. 

Pick z G U fl f2 and note that the nearest point to it (which is possibly non-unique) on bfl fl U lies on 
one or possibly more of the boundaries bSlj till = {rj = 0}. For the sake of dcfinitcness, assume that it 
lies on bfli DU — {r\(z) = 0} and denote it by C(^)- Extend the real inner normal I to the smooth real 
hypersurface {r\(z) — 0} at ((z) till it intersects bil e fl U. Denote this point of intersection by k(z). Note 
that \k{z) - ((z)\ = dist( K (z), {n(z) =0}DU)> e/C by (3.2). The affine analytic disc 

a z (X) = k(z) + \(C(z) -k(z)) 

defined for \C\ < 1 is evidently contained in {r\ < 0} fl U . For 1 < j < k observe that 

\ rj (a z (X)) - rj (K(z))\ - \X(C(z) - k(z)) ■ dr 3 (~z)\ 

for some z — z(X) G Q fl U. Again (3.2) shows that \k(z) — C( z )\ < Ce and by construction we have 
\drj{z)\ < 1/2C. Combining these estimates shows that 

rj{a z {\)) < rj(K(z)) + e/2 < -e + e/2 - -e/2. 

Thus the analytic disc a z {\) is contained in {r\ < 0} fl U and stays at a uniform distance from the other 
hypcrsurfaces {rj = 0} fl U where 1 < j < k. Let V — {z G U : \rj{z)\ < e/2, 1 < j < k} - this is a 
neighborhood of bSl fl U of uniform width e/2. The smoothness of r\ shows that there is a uniform portion 
of ba z (X) that lies in (Q fl U) \ {r\ > —e/2}. The arguments given above show that the closure of a z (X) 
lies in (f2 fl U) \ {rj > —e/2, 1 < j < k} and hence a uniform portion of ba z (X) lies in (D, n C/) \ V. These 
estimates are uniform for all z G n ?7 and hence for all z near 6fi by compactness. Hence it is possible 
to roll an analytic disc in J7. □ 

5. Proper maps of domains with generic corners 

5.1. Distortion estimate on domains with generic corners. We now generalize some well-known 
properties of proper maps of smoothly bounded pseudoconvex domains to domains with generic corners. 
In these results, D and G are pseudoconvex domains with generic corners, and / : D — > G is a proper 
holomorphic mapping. Let Z — {f(z) : detf'(z) — 0} C G be the set of critical values of /. Then Z is a 
codimension one subvariety in G, and on G \ Z, we can define locally well-defined holomorphic branches 
Fi, F 2 , . . . , F m of The following consequence of the Hopf lemma is well-known in the case of smoothly 
bounded domains. 

Proposition 5.1. There exists a S G (0, 1) such that 

dist(z, bD) 1 / 5 < dist(f (z),bG) < dist(z, bD) 5 

for all z G D. 

Proof. We begin by noting that if f2 is a pseudoconvex domain with generic corners, then there is a negative 
strictly plurisubharmonic exhaustion g of ft which decays to to zero at the boundary no faster than a power 
of the distance to the boundary, i.e., for some < r/ < 1 and all z G O we have 

\q{z)\ < dist^&n)". 
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This follows directly (even for Lipschitz Q) from (52]. We can also deduce it from the fact that if as in 
Definition II .li the domain fi is represented as an intersection HjL^j of smoothly bounded pseudoconvex 
domains, then by famous results of Diederich and Fornaess [17] , each f2j admits a bounded plurisubharmonic 
exhaustion qj satisfying < dist(x, bD,j) n ^ for some r\j G (0, 1) and for each z £ ilj. We can simply 

take g = maxi<j<7v Qj- 

Therefore let qd and qg be bounded plurisubharmonic exhaustions on D and G such that for some 
rj, t 6 (0, 1) and 

\qd{z)\ < dist(z, &£>)" 

for all z € D , and 

\qgM\ < dist(z,6G) r 

for all w £ G. Then qg ° / is a negative plurisubharmonic exhaustion on D and satisfies 

-Qoof(z) = \g G of(z)\>dist(z,bD) 

for all z £ -D by the Hopf lemma. Thus we get 

dist(z, bD) < -qg o f{z) < dist(/(z), bG) T 

which is the left side inequality in the proposition. 

Recall that F\, . . . F m denote the branches of the inverse mapping which are locally well-defined 
on G\ Z, where Z is the set of critical values of the mapping F. Then 

ip = max{g£) o Fj ■ : 1 < j < m} 

is a bounded continuous plurisubharmonic function on G\2 which extends to a plurisubharmonic exhaus- 
tion on G. Therefore, for each 1 < j < m and w £ G, we have 

— qd o Fj{w) > —if)(w) — \i^(w)\ > dist(w, bG) 

where the last inequality follows from the Hopf lemma. Rewriting this as 

\Q D (z)\ = -Q D (z)>di S t(f(z),bG) 

and combining with the rate of decay of qd near bD we get 

dist(f (z),bG) < dist(z,6D) 1 ' 

for all z £ D which completes the proof. □ 

5.2. Smoothness of the Jacobian up to the boundary. We now note that the following lemma, well- 
known for smoothly bounded domains, continues to hold for domains with generic corners. For a domain 
fi in C", we denote by the space 0(fl) n C°°(il) of holomorphic functions on fi which are smooth 

up to the boundary of Q. 

Lemma 5.2. Suppose that D satisfies Condition R, and let u = det(/') be the Jacobian determinant of 
the mapping f. If h £ H°°{G), we have 

u-{hof)£ H°°(D), 

Proof. We adapt the classsical proof. Let i be a given positive integer. We need to show that u ■ (h o /) £ 
C e (D). Denote by P and Q the Bergman projections on the domains D and G respectively. Now, thanks 
to the classical transformation formula for the Bergman projection, we have for each g £ L 2 (G) that 

P(u-(g°f)) = u-(Q(g)of). 

For an A^-tuple s = (si, . . . , sn) of positive integers, let $ s be the operator on G as constructed in 
Lemma [2~T1 and set g s — Q s h. Then Qg s — h, and we have 

U-(hof)=P(u-(g s af)) 
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Since D satisfies Condition R, it follows that there is an integer k such that P maps C k (D) into C l (D). 
Therefore, to prove the result, it suffices to show that there is a tuple s such that u ■ (g a ° /) 6 C k (D). It 
will be sufficient to show that derivatives of order k + 1 of the function u ■ (g s o f) on D are all bounded. 

Denote the map / in components as / = (/i, . . . , /„), where each fj is complex valued on D. Note that 
each fj is bounded. Consequently we have the Cauchy estimates 

\D a fj(z)\ <dist(z,bD)-H, 

and 

\D a u{z)\ < dist(z,6Z))- |a| . 

We will take the tuple s be to of the form s = (a, . . . , a), i.e., all N entries are equal to the same positive 
integer a. If Na > \a\, and w £ G, by Lemma [2~T1 we have an estimate 

\D a (g s (w))\ < dist(w, bG) Na ~^. 

Note that we have 

D a (g s o f)(z) = ]T D^g s {f{z))D 5 -f ix D^f i2 . . . D s ?f lp , 

where the sum extends over all tuples I < i\, . . . , i p < n, and multi- indices (3, Si, . . . , S p with \/3\ < \a\ and 
\Si \ + • • • + \S p \ = \a\. Therefore we have the estimate 

\D a {g s o f)(z)\ < dist(f(z) 7 bG) Na -^ ■ dist(z, bD)-^+^ 

< dist(z, 6i^) ,5 ( Ar<T ^l Q l) • dist(z, bD)- (M+1) 

< dist(2,6i^) 5JVCT -( 1 + <5 )l Q l- 1 , 

where in the second line, the right half of the distortion estimate from Proposition 15.11 has been used. It 
follows that by taking a to be sufficiently large, we can make the function D a (g s o /) vanish to arbitrarily 
high order on the boundary bD. Using the Cauchy estimates on the derivatives of u, and the Leibniz rule 
for the derivative of a product it now follows that by taking a sufficiently large, we can ensure that for any 
multi-index a, the derivative D a (u ■ (g s o /)) is bounded on D. Consequently there is an TV-tuple s such 
that u ■ (g s o /) g C k (D), and our result is proved. □ 

5.3. Smoothness to the boundary of symmetric functions of the inverse branches. 

Proposition 5.3. If G is as in Theorem \1.3l i.e., G is a product of smoothly bounded domains, then for 
h 6 %°°{D), an elementary symmetric function of h o Fi, h o F%, . . . , h o F m (defined on G\Z) extends to 
a function in H°°(G). 

Proof. For smoothly bounded domains D and G, this is a classical result of Bell (see [7].) It was shown 
in [151 Proposition 5.3] that the same arguments, with minor modifications work when each of D and 
G is a product of smoothly bounded domains. We note here that the proof given in [15] actually works 
in the more general situation when D is merely a domain with generic corners and is not necessarily a 
product. □ 

6. Proof of Theorem 11.21 

1=>2. Since / maps bD diffcomorphically to bG, it follows that G must have piecewise smooth boundary. 
Since the map / is CR on each of the manifolds constituting bD, it follows that G is a domain with generic 
corners. 

Let g = f , and let Kc(z,w) and Kr>{Z, W) denote the Bergman kernels on the domains G and D 
respectively. Since by hypothesis, D satisfies Condition R, it follows from Proposition 12.21 that for each 
multi- index a, there is an m a such that we have an estimate 



dist(Z, bD)' 
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valid for all (W, Z) € D x D. The kernels Kq and Kq are related by the classical formula ([Ml Proposi- 
tion 6.1.7]) 



Therefore 



d_ 

dw 



K G (w,z) = det g'(w)K D (g{w), g(z)) det g'(z) 
d 



K G (w, z) 



dw 



det g'(w)K D {g(w),g(z)) ■ det g'(z) 



Since g is bounded, application of the Cauchy estimates to the elements of the Jacobian matrix shows that 

\det g'{z)\ < dist(z, bG)~ n . (6.1) 

Since g is smooth up to the boundary, by repeated application of the chain rule and the product rule we 
obtain 



d_ 

dw 



(det g'(w)K D (g(w),g(z))) 



\dW 



K D (g(w),g(z)) 



\0\<\a 

< tist(g(z),bD)- m » 

\p\<\<*\ 

< dist(g(z), bD)~ M (M being the largest of the m^'s) 

< dist(z, bG)- Me 7 

where in the last line we have used Proposition l5.11 Combining this with (|6.ip , and invoking Proposition 
our result follows. 

2=>1. Taking h = 1 in Lemma [5.21 we see that u G C°°(D). Applying the lemma again to the mapping 
f- 1 : G -> D, we obtain that det((/" 1 )') G C°°(G). But this implies that u' 1 G C°°(D). It therefore 
follows that for each holomorphic h on G such that h G C°°(G), we have that h o / G C°°(D). Taking h 
to be the coordinate functions z H > ^ from D to C, we see that each component of / extends smoothly to 
the boundary, and the result is proved. 

7. Proofs of Theorem 11.31 and Corollary 11.41 



The proof of Theorem 11.31 is for most part identical to the first part of the argument for the proof of [15| 
Theorem 1.1], where it is further assumed that D is also a product domain. We review the main steps of 
the proof below, noting in each step that the hypothesis of product structure is not really used in the proof 
of continuous extension to the boundary. (It does become relevant in the latter part of the proof of (T5I 
Theorem 1.1], i.e., Lemma 5.7 onward.) What is important is that D is piecewise smooth, pseudoconvex, 
satisfies Condition R, and there is a Bell operator on D. 

As in Lemma T5. 21 let u — det(f') be the Jacobian determinant of the map / : D — >■ G. We claim that 
u vanishes to at most finite order at each point of dD. For smoothly bounded domains, the proof can be 
found in [51 111]. It was shown in [151 Lemma 5.5] that essentially the same argument continues to work for 
the piecewise smooth domains considered here. 

From this, as in p~5j Lemma 5.6], it follows that / extends to a continuous map from D to G. The 
key ingredient here is the weak division result |18[ Lemma 10] which states the following: On a smoothly 
bounded domain ft C C™, let u G H°°(fl) be a function that does not vanish to infinite order at any point 
on btt. If h is a bounded holomorphic function on fi such that u ■ h G for all N > 1, then h is 

continuous on fL To prove that h is continuous at p G 60, the only geometric requirement is the existence 
of a complex line through p that enters fi near p and which is transverse to 60 near p. This condition is 
clearly satisfied at all points of bD IC& while at the generic corners such a complex line may be chosen to 
be transverse to the tangent cone to 60 at such points. Thus the proof of 15, Lemma 5.6] carries over to 
the case of domains with generic corners. To show that / is smooth at all points of bD rc& , the finite order 
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vanishing of u at the boundary can be combined with the strong form of the division theorem (which is a 
local statement) as in [TU] or [TB]. This completes the proof of Theorem 1.3. 

To justify Corollary 1.4, note that / _1 (6G sng ) C bD cannot contain a relatively open subset of bD rcs 
as otherwise the Jacobian determinant u (which is smooth on bD), will vanish in this open set and hence 
everywhere in D by the uniqueness theorem. This will contradict the fact that / is proper. Thus S = 
bD rcg \ / _1 (6G sng ) is a dense open subset of bD lcs . For similar reasons, the closure of 

V f = {zeD: u{z) = 0} 

cannot contain an open subset of bD rcs . Let r = Efl (bD ICS \ Vf) which is also a dense open subset of 
bD rc s. Then / : T -> 6G rcg is a local C°°-smooth CR diffeomorphism. Since the Levi form of 5G rcg is 
degenerate the same must be true of the Levi form of bD ICS at points of L. The denseness of T forces the 
degeneracy condition to hold everywhere on bD rog . In fact, since / : L — > 6G rcg is a C°°-smooth CR local 
diffeomorphism, it preserves the CR structure, and as a result, there must be at least n — fi zero eigenvalues 
of the Levi form at each point of F, where fj, = min /ij is the smallest dimension of a smooth factor Gj of 
G. Further, a factor of smallest dimension will have a point of strong pseudoconvexity in its boundary. By 
looking a a neighborhood of its inverse image in T, we conclude that there is a point in T where the Levi 
form has at least /i — 1 positive eigenvalues. 



References 

[1] Barrett, David E.; Regularity of the Bergman projection on domains with transverse symmetries. Math. Ann.258 
(1981/82), no. 4, 441-446. 

Barrett, David E.; Biholomorphic domains with inequivalent boundaries. Invent. Math. 85 (1986), no. 2, 373-377. 
Barrett, D. E.; Duality between A°° and A~°° on domains with nondegenerate corners. Multivariable operator theory 
(Seattle, WA, 1993), 77-87, Contemp. Math., 185, Amer. Math. Soc, Providence, RI, 1995. 

Barrett, D. E., and Vassiliadou, Sophia; The Bergman kernel on the intersection of two balls in C 2 . Duke Math. J. 120 
(2003), no. 2, 441467. 

Bell, Steve and Ligocka, Ewa; A simplification and extension of Fefferman's theorem on biholomorphic mappings. Invent. 
Math.57 (1980), no. 3, 283-289. 

Bell, Steven R; Biholomorphic mappings and the 9-problem. Ann. of Math. (2) 114 (1981), no. 1, 103-113. 
Bell, Steven R; Proper holomorphic mappings and the Bergman projection. Duke Math. J. 48 (1981), no. 1, 167-175. 
Bell, Steven R and Boas, Harold P.; Regularity of the Bergman Projection in Weakly Pseudoconvex Domains; Math. 
Ann. 257 (1981) 23-30. 

Bell, Steven R; Local boundary behavior of proper holomorphic mappings. Complex analysis of several variables (Madi- 
son, Wis., 1982), 1-7, Proc. Sympos. Pure Math., 41, Amer. Math. Soc, Providence, RI, 1984. 

Bell, Steven R, Catlin, D; Boundary regularity of proper holomorphic mappings. Duke Math. J. 49 (1982), no. 2, 385-396. 
Bell, Steve and Ligocka, Ewa; A simplification and extension of Fefferman's theorem on biholomorphic mappings. Invent. 
Math.57 (1980), no. 3, 283-289. 

Berteloot, F; Holder continuity of proper holomorphic mappings. Studia Math. 100 (1991), no. 3., 229-235. 
Chakrabarti, Dcbraj; Spectrum of the complex Laplacian on product domains. Proc. Amer. Math. Soc. 138 (2010), no. 
9, 3187-3202. 

Chakrabarti, Debraj and Shaw, Mei-Chi; The Cauchy-Riemann equations on product domains. Math. Ann. 349 (2011), 
no. 4, 977-998. 

Chakrabarti, Debraj and Verma, Kaushal; Condition R and proper holomorphic maps between equidimensional product 
domains. Preprint Available online at arxiv.org. 

Chen, So-Chin and Shaw, Mei-Chi; Partial differential equations in several complex variables. American Mathematical 
Society, Providence, RI; International Press, Boston, MA, 2001. 

Diederich, Klas; Fornaess, John Erik; Pseudoconvex domains: bounded strictly plurisubharmonic exhaustion functions. 
Invent. Math. 39 (1977), no. 2, 129-141. 

Diederich, Klas; Fornaess, John Erik; Boundary regularity of proper holomorphic mappings. Invent. Math. 67 (1982), 
363-384. 

Ehsani, Dariush; Solution of the 9-Neumann problem on a non-smooth domain. Indiana Univ. Math. J.52 (2003), no. 
3, 629-666. 

Fefferman, Charles; The Bergman kernel and biholomorphic mappings of pseudoconvex domains. Invent. Math.26 (1974), 
165. 

Forstneric, Franc; A reflection principle on strongly pseudoconvex domains with generic corners. Math. Z. 213 (1993), 
no. 1, 49-64. 



16 



DEBRAJ CHAKRABARTI AND KAUSHAL VERMA 



[22] Harrington, Phillip S.; The order of plurisubharmonicity on pscudoconvex domains with Lipschitz boundaries. Math. 

Res. Lett.15 (2008), no. 3, 485-490. 
[23] Hcnkin, G. M.; An analytic polyhedron is not holomorphically equivalent to a strictly pscudoconvex domain. (Russian) 

Dokl. Akad. Nauk SSSR 210 (1973), 1026-102 
[24] Jarnicki, M. and Pflug, P.; Invariant distances and metrics in complex analysis. Walter de Gruyter & Co., Berlin, 1993. 
[25] Malgrange, B. \Lectures on the theory of functions of several complex variables. Distributed for the Tata Institute of 

Fundamental Research, Bombay by Springer- Verlag, Berlin, 1984. 
[26] Pinchuk, S; Holomorphic inequivalence of certain classes of domains in C™. (Russian) Mat. Sb. (N.S.) 111(153) (1980), 

no. 1, 67-94, 159. 

[27] Range, R. M; On the topological extension to the boundary of biholomorphic maps in C n . Trans. Amer. Math. Soc. 216 
(1976), 203-216 

[28] Straube, Emil J., Lectures on the C 2 -Sobolev theory of the d-Neumann problem. European Mathematical Society, Zurich, 
2010 

[29] Sukhov, A. B.; On the continuous continuation and rigidity of holomorphic mappings between domains with piecewise- 
smooth boundaries. (Russian) Mat. Sb. 185 (1994), no. 8, 115-128; translation in Russian Acad. Sci. Sb. Math. 82 (1995), 
no. 2, 471-483. 

[30] Webster, S; Biholomorphic mappings and the Bergman kernel off the diagonal. Invent. Math. 51 (1979), 155-169. 

[31] Webster, S. M; Holomorphic mappings of domains with generic corners. Proc. Amer. Math. Soc. 86 (1982), no. 2, 236-240. 

TIFR Centre for Applicable Mathematics, Sharada Nagar, Chikkabommasandra, Bengaluru-560065, India 
E-mail address: debraj9math.tif rbng. res . in 

Department of Mathematics, Indian Institute of Science, Bengaluru-560012. India 
E-mail address: kvermaamath. iisc . ernet . in 



